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Abstract Recently, B.-Y. Chen and O. J. Garay studied pointwise slant sub-
manifolds of almost Hermitian manifolds. By using this notion, we investigate
pointwise semi-slant submanifolds and their warped products in Sasakian man-
ifolds. We give non-trivial examples of such submanifolds and obtain several
fundamental results, including a characterization for warped product pointwise
semi-slant submanifolds of Sasakian manifolds.
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1 Introduction
In [7], B.-Y. Chen introduced the notion of slant submanifolds of almost Her-
mitian manifolds as a natural generalization of holomorphic (invariant) and
totally real (anti-invariant) submanifolds. After Chen’s characterization on
slant submanifolds, the geometry of slant submanifolds became an active field
of research in differential geometry. Later, A. Lotta [20] has extended this study
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for almost contact metric manifolds. After that, J. L. Cabrerizo et al. investi-
gated slant submanifolds of a Sasakian manifold [6]. N. Papaghiuc introduced
in [22] a class of submanifolds, called semi-slant submanifolds of almost Her-
mitian manifolds, which are the generalizations of slant and CR-submanifolds.
Later on, Cabrerizo et al. [5] extended this idea for semi-slant submanifolds of
contact metric manifolds and provided many examples of such submanifolds.
Next, as an extension of slant submanifolds of an almost Hermitian man-
ifold, F. Etayo [16] introduced the notion of pointwise slant submanifolds of
almost Hermitian manifolds. Recently, B.-Y. Chen and O. J. Garay [14] stud-
ied pointwise slant submanifolds of almost Hermitian manifolds. They have
obtained several fundamental results, in particular, a characterization of these
submanifolds. Later, K. S. Park [23] has extended this study for almost contact
metric manifolds. In his definition of pointwise slant submanifolds of almost
contact metric manifolds he did not mention whether the structure vector field
ξ is either tangent or normal to the submanifold. Recently, B. Sahin studied
pointwise semi-slant submanifolds and warped product pointwise semi-slant
submanifolds by using the notion of pointwise slant submanifolds [26]. In [31],
we modified the definition of pointwise slant submanifolds of an almost contact
metric manifold such that the structure vector field ξ is tangent to the sub-
manifold. We have obtained a simple characterization for such submanifolds
and studied warped product pointwise pseudo-slant submanifolds of Sasakian
manifolds.
In 1969, R. L. Bishop and B. O’Neill [3] introduced and studied warped
product manifolds. 30 years later, around the beginning of this century, B.-
Y. Chen initiated in [9,10] the study of warped product CR-submanifolds
of Kaehler manifolds. Chen’s work in this line of research motivated many
geometers to study the geometry of warped product submanifolds by using
his idea for different structures on manifolds (see, for instance, [2], [17], [21]
and [27]). For a detailed survey on warped product submanifolds we refer to
Chen’s books [11,13] and his survey article [12] as well.
In [24], B. Sahin showed that there exists no proper warped product semi-
slant submanifold of Kaehler manifolds. Then, he introduced the notion of
warped product hemi-slant submanifolds of Kaehler manifolds [25]. Recently,
he defined and studied warped product pointwise semi-slant submanifolds and
showed that there exists a non-trivial warped product pointwise semi-slant
submanifold of the form MT ×f Mθ in a Kaehler manifold M˜ , where MT and
Mθ are invariant and proper pointwise slant submanifolds of M˜ , respectively
[26]. For almost contact metric manifolds, we have seen in [19] and [1] that
there are no proper warped product semi-slant submanifolds in cosymplectic
and Sasakian manifolds. Then, we have considered warped product pseudo-
slant submanifolds (warped product hemi-slant submanifolds [25], in the same
sense of almost Hermitian manifolds) of cosymplectic [28] and Sasakian man-
ifolds [29].
Recently, K. S. Park [23] studied warped product pointwise semi-slant sub-
manifolds of almost contact metric manifolds. He proved that there do not ex-
ist warped product pointwise semi-slant submanifolds of the form Mθ ×f MT
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in M˜ , where M˜ is either a cosymplectic manifold, a Sasakian manifold or a
Kenmotsu manifold such that Mθ and MT are proper pointwise slant and in-
variant submanifolds of M˜ , respectively. Then he provided many examples and
obtained several results for warped products by reversing these two factors,
including sharp estimations for the squared norm of the second fundamental
form in terms of the warping functions. Later, we also extended this idea in [31]
to warped product pointwise pseudo-slant submanifolds of Sasakian manifolds.
In this paper, we study warped product pointwise semi-slant submanifolds of
the form MT ×Mθ of Sasakian manifolds.
The paper is organized as follows: In Section 2, we give basic definitions and
preliminaries formulas needed for this paper. Section 3 is devoted to the study
of pointwise semi-slant submanifolds of Sasakian manifolds. In this section,
we define pointwise semi-slant submanifolds and in the definition of pointwise
semi-slant submanifolds we assume that the structure vector field ξ is always
tangent to the submanifold. We give an example of such submanifolds for the
justification of our definition and a result which is useful to the next section.
In Section 4, we study warped product pointwise semi-slant submanifolds of
Sasakian manifolds. In [1], we have seen that there are no warped product
semi-slant submanifolds of the form MT ×f Mθ in a Sasakian manifold other
than contact CR-warped products, but if we assume that Mθ is a proper
pointwise slant submanifold then there exists a non-trivial class of such warped
products. In this section, first we provide a non-trivial example of such warped
products and then we obtain several new results those are generalizations
of warped product semi-slant submanifolds and contact CR-warped product
submanifolds. Throughout the paper, we assume that the structure vector field
ξ is tangent to the submanifold.
2 Preliminaries
An almost contact structure (ϕ, ξ, η) on a (2n+1)-dimensional manifold M˜ is
defined by a (1, 1) tensor field ϕ, a vector field ξ, called characteristic or Reeb
vector field and a 1-form η satisfying the following conditions
ϕ2 = −I + η ⊗ ξ, η(ξ) = 1, η ◦ ξ = 0, η(ξ) = 1, (1)
where I : TM˜ → TM˜ is the identity map [4]. There always exists a Rie-
mannian metric g on an almost contact manifold M˜ satisfying the following
compatibility condition
g(ϕX,ϕY ) = g(X,Y )− η(X)η(Y ), (2)
for any X,Y ∈ Γ (TM˜), the Lie algebra of vector fields on M˜ . This metric g
is called a compatible metric and the manifold M˜ together with the structure
(ϕ, ξ, η, g) is called an almost contact metric manifold. As an immediate con-
sequence of (2), one has η(X) = g(X, ξ) and g(ϕX, Y ) = −g(X,ϕY ). If ξ is
a Killing vector field with respect to g, then the contact metric structure is
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called a K-contact structure. A normal contact metric manifold is said to be
a Sasakian manifold. In terms of the covariant derivative of ϕ, the Sasakian
condition can be expressed by
(∇˜Xϕ)Y = g(X,Y )ξ − η(Y )X (3)
for all X,Y ∈ Γ (TM˜), where ∇˜ is the Levi-Civita connection of g. From the
formula (3), it follows that
∇˜Xξ = −ϕX, (4)
for any X ∈ Γ (TM˜).
LetM be a Riemannian manifold isometrically immersed in M˜ and denote
by the same symbol g the Riemannian metric induced on M . Let Γ (TM) be
the Lie algebra of vector fields in M and Γ (T⊥M) the set of all vector fields
normal to M . Let ∇ be the Levi-Civita connection on M , then the Gauss and
Weingarten formulas are respectively given by
∇˜XY = ∇XY + h(X,Y ) (5)
and
∇˜XN = −ANX +∇⊥XN (6)
for anyX,Y ∈ Γ (TM) and N ∈ Γ (T⊥M), where∇⊥ is the normal connection
in the normal bundle T⊥M and AN is the shape operator of M with respect
to the normal vector N . Moreover, h : TM × TM → T⊥M is the second
fundamental form of M in M˜ . Furthermore, AN and h are related by [32]
g(h(X,Y ), N) = g(ANX,Y ) (7)
for any X,Y ∈ Γ (TM) and N ∈ Γ (T⊥M).
For any X tangent to M , we write
ϕX = PX + FX, (8)
where PX and FX are the tangential and normal components of ϕX , respec-
tively. Then P is an endomorphism of the tangent bundle TM and F is a
normal bundle valued 1-form on TM . Similarly, for any vector field N normal
to M , we put
ϕN = tN + fN, (9)
where tN and fN are the tangential and normal components of ϕN , respec-
tively. Moreover, from (2) and (8), we have
g(PX, Y ) = −g(X,PY ), (10)
for any X,Y ∈ Γ (TM).
Throughout this paper, we assume the structure field ξ is tangent toM oth-
erwiseM is a C-totally real submanifold [20]. LetM be a Riemannian manifold
isometrically immersed in an almost contact metric manifold (M˜, ϕ, ξ, η, g). A
submanifold M of an almost contact metric manifold M˜ is said to be slant
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[6], if for each non-zero vector X tangent to M at p ∈ M such that X is not
proportional to ξp, the angle θ(X) between ϕX and TpM is constant, i.e., it
does not depend on the choice of p ∈M and X ∈ TpM − 〈ξp〉.
A slant submanifold is said to be proper slant if neither θ = 0 nor θ = π2 . We
note that on a slant submanifold if θ = 0, then it is an invariant submanifold
and if θ = π2 , then it is an anti-invariant submanifold. A slant submanifold is
said to be proper slant if it is neither invariant nor anti-invariant.
As a natural extension of slant submanifolds, F. Etayo [16] introduced
pointwise slant submanifolds of an almost Hermitian manifold under the name
of quasi-slant submanifolds. Later on, B.-Y. Chen and O.J. Garay studied
pointwise slant submanifolds of almost Hermitian manifolds and obtained
many interesting results [14]. In a similar way, K.S. Park [23] defined and
studied pointwise slant submanifols of almost contact metric manifolds. His
definition of pointwise slant submanifolds of almost contact metric manifold
is similar to the pointwise slant submanifolds of almost Hermitian manifolds,
therefore we have modified his definition by considering the structure vector
field ξ is tangent to the submanifold and studied pointwise slant submanifolds
of almost contact metric manifolds in [31].
A submanifold M of an almost contact metric manifold M˜ is said to be
pointwise slant if for any nonzero vector X tangent to M at p ∈M , such that
X is not propotional to ξp, the angle θ(X) between ϕX and T
∗
pM = TpM−{0}
is independent of the choice of nonzero vector X ∈ T ∗pM . In this case, θ can be
regarded as a function onM , which is called the slant function of the pointwise
slant submanifold.
We note that every slant submanifold is a pointwise slant submanifold, but
the converse may not be true. We also note that a pointwise slant submanifold
is invariant (respectively, anti-invariant) if for each point p ∈ M , the slant
function θ = 0 (respectively, θ = π2 ). A pointwise slant submanifold is slant if
and only if the slant function θ is constant on M . Moreover, a pointwise slant
submanifold is proper if neither θ = 0, π2 nor θ is constant.
In [31], we have obtained the following characterization theorem.
Theorem 1 [31] LetM be a submanifold of an almost contact metric manifold
M˜ such that ξ ∈ Γ (TM). Then, M is pointwise slant if and only if
P 2 = cos2 θ (−I + η ⊗ ξ) , (11)
for some real valued function θ defined on the tangent bundle TM of M .
The following relations are immediate consequences of Theorem 1.
Let M be a pointwise slant submanifold of an almost contact metric man-
ifold M˜ . Then, we have
g(PX,PY ) = cos2 θ [g(X,Y )− η(X)η(Y )], (12)
g(FX,FY ) = sin2 θ [g(X,Y )− η(X)η(Y )], (13)
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for any X,Y ∈ Γ (TM).
The next useful relation for a pointwise slant submanifold of an almost
contact metric manifold was obtained in [31]
tFX = sin2 θ (−X + η(X)ξ) , fFX = −FPX, (14)
for any X ∈ Γ (TM).
3 Pointwise semi-slant submanifolds
Recently, B. Sahin [26] defined and studied pointwise semi-slant submanifolds
of Kaehler manifolds. In this section, we define and study pointwise semi-slant
submanifolds of Sasakian manifolds.
Definition 1 A submanifold M of an almost contact metric manifold M˜ is
said to be a pointwise semi-slant submanifold if there exists a pair of orthogonal
distributions D and Dθ on M such that
(i) The tangent bundle TM admits the orthogonal direct decomposition
TM = D ⊕Dθ ⊕ 〈ξ〉.
(ii) The distribution D is invariant under ϕ, i.e., ϕ (D) = D.
(iii) The distribution Dθ is pointwise slant with slant function θ.
Note that the normal bundle T⊥M of a pointwise semi-slant submanifold M
is decomposed as
T⊥M = FDθ ⊕ ν, FDθ ⊥ ν,
where ν is an invariant normal subbundle of T⊥M under ϕ.
If we denote the dimensions of D and Dθ by m1 and m2, respectively, then:
(i) If m1 = 0, then M is a pointwise slant submanifold.
(ii) If m2 = 0, then M is an invariant submanifold.
(iii) If m1 = 0 and θ =
π
2 , then M is an anti-invariant submanifold.
(iv) If m1 6= 0 and θ = π2 , then M is a contact CR-submanifold.
(v) If θ is constant on M , then M is a semi-slant submanifold with slant angle
θ.
We also note that a pointwise semi-slant submanifold is proper if neither
m1,m2 = 0 nor θ = 0,
π
2 and θ should not be a constant.
Now, we provide the following non-trivial example of a pointwise semi-slant
submanifolds of an almost contact metric manifold.
Example 1 Let (R7, ϕ, ξ, η, g) be an almost contact metric manifold with carte-
sian coordinates (x1, y1, x2, y2, x3, y3, z) and the almost contact structure
ϕ
(
∂
∂xi
)
= − ∂
∂yi
, ϕ
(
∂
∂yj
)
=
∂
∂xj
, ϕ
(
∂
∂z
)
= 0, 1 ≤ i, j ≤ 3,
Warped Product Pointwise Semi-slant Submanifolds of Sasakian Manifolds 7
where ξ = ∂
∂z
, η = dz and g is the standard Euclidean metric on R7. Then
(ϕ, ξ, η, g) is an almost contact metric structure onR7. Consider a submanifold
M of R7 defined by
χ(u, v, w, t, z) = (u + v, −u+ v, t cosw, t sinw, w cos t, w sin t, z),
such that w, t (w 6= t) are non vanishing real valued functions on M . Then the
tangent space TM is spanned by the following vector fields
Z1 =
∂
∂x1
− ∂
∂y1
, Z2 =
∂
∂x1
+
∂
∂y1
,
Z3 = −t sinw ∂
∂x2
+ t cosw
∂
∂y2
+ cos t
∂
∂x3
+ sin t
∂
∂y3
,
Z4 = cosw
∂
∂x2
+ sinw
∂
∂y2
− w sin t ∂
∂x3
+ w cos t
∂
∂y3
,
Z5 =
∂
∂z
.
Clearly, we have
ϕZ1 = − ∂
∂y1
− ∂
∂x1
, ϕZ2 = − ∂
∂y1
+
∂
∂x1
,
ϕZ3 = t sinw
∂
∂y2
+ t cosw
∂
∂x2
− cos t ∂
∂y3
+ sin t
∂
∂x3
,
ϕZ4 = − cosw ∂
∂y2
+ sinw
∂
∂x2
+ w sin t
∂
∂y3
+ w cos t
∂
∂x3
,
ϕZ5 = ϕ
(
∂
∂z
)
= 0.
Then D = Span{Z1, Z2} is an invariant distribution and Dθ = Span{Z3, Z4}
is a pointwise slant distribution with pointwise slant function θ =
cos−1
(
t−w√
(t2+1)(w2+1)
)
. Thus, M is a pointwise semi-slant submanifold of R7
such that ξ = ∂
∂z
is tangent to M .
Now, we obtain the following useful results for semi-slant submanifolds of
a Sasakian manifold.
Lemma 1 Let M be a pointwise semi-slant submanifold of a Sasakian mani-
fold M˜ . Then, we have
(i) sin2 θ g(∇XY, Z) = g(h(X,ϕY ), FZ)− g(h(X,Y ), FPZ),
(ii) sin2 θ g(∇ZW,X) = g(h(X,Z), FPW )− g(h(ϕX,Z), FW ),
for any X,Y ∈ Γ (D ⊕ 〈ξ〉) and Z,W ∈ Γ (Dθ).
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Proof The first and second parts of the lemma can be proved in a similar way.
For any X,Y ∈ Γ (D ⊕ 〈ξ〉) and Z ∈ Γ (Dθ) we have
g(∇XY, Z) = g(∇˜XY, Z) = g(ϕ∇˜XY, ϕZ).
From the covariant derivative formula of ϕ, we derive
g(∇XY, Z) = g(∇˜XϕY, ϕZ)− g((∇˜Xϕ)Y, ϕZ).
Then from (3), (8) and the orthogonality of the two distributions, we find
g(∇XY, Z) = g(∇˜XϕY, PZ) + g(∇˜XϕY, FZ)
= −g(∇˜XPZ, ϕY ) + g(h(X,ϕY ), FZ)
= g(ϕ∇˜XPZ, Y ) + g(h(X,ϕY ), FZ).
Again, from the covariant derivative formula of ϕ, we get
g(∇XY, Z) = g(∇˜XϕPZ, Y )− g((∇˜Xϕ)PZ, Y ) + g(h(X,ϕY ), FZ).
Using (3), (8) and the orthogonality of vector fields, we obtain
g(∇XY, Z) = g(∇˜XP 2Z, Y ) + g(∇˜XFPZ, Y ) + g(h(X,ϕY ), FZ).
Then from (11) and (6), we have
g(∇XY, Z) = − cos2 θ g(∇˜XZ, Y ) + sin 2θX(θ) g(Y, Z)− g(h(X,Y ), FPZ)
+ g(h(X,ϕY ), FZ).
From the orthogonality of the two distributions the above equation takes the
form
g(∇XY, Z) = cos2 θ g(∇˜XY, Z)− g(h(X,Y ), FPZ) + g(h(X,ϕY ), FZ).
Hence, (i) follows from the above relation. In a similar way we can prove (ii).
4 Warped product pointwise semi-slant submanifolds
In this section, we study warped product submanifolds of Sasakian manifolds,
by considering that one factor is a pointwise slant submanifold. In the follow-
ing, first we give a brief introduction on warped product manifolds.
In [3], R.L. Bishop and B. O’Neill introduced the notion of warped prod-
uct manifolds as follows: Let M1 and M2 be two Riemannian manifolds with
Riemannian metrics g1 and g2, respectively, and a positive differentiable func-
tion f on M1. Consider the product manifold M1 ×M2 with its projections
π1 : M1 ×M2 → M1 and π2 : M1 ×M2 → M2. Then their warped product
manifoldM =M1×fM2 is the Riemannian manifoldM1×M2 = (M1×M2, g)
equipped with the Riemannian metric
g(X,Y ) = g1(π1⋆X, π1⋆Y ) + (f ◦ π1)2g2(π2⋆X, π2⋆Y ),
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for any vector field X,Y tangent to M , where ⋆ is the symbol for the tangent
maps. A warped product manifold M = M1 ×f M2 is said to be trivial or
simply a Riemannian product manifold if the warping function f is constant.
Let X be a vector field tangent to M1 and Z be an another vector field on
M2, then from Lemma 7.3 of [3], we have
∇XZ = ∇ZX = X(ln f)Z, (15)
where ∇ is the Levi-Civita connection on M . If M = M1 ×f M2 is a warped
product manifold then the base manifold M1 is totally geodesic in M and the
fiber M2 is totally umbilical in M [3], [9].
By analogy to CR-warped products which are introduced by B.-Y. Chen in
[9], we define the warped product pointwise semi-slant submanifolds as follows.
Definition 2 A warped product of an invariant and a pointwise slant sub-
manifolds, sayMT andMθ of a Sasakian manifold M˜ is called a warped product
pointwise semi-slant submanifold.
A warped product pointwise semi-slant submanifold is called proper if Mθ is
a proper pointwise slant submanifold and MT is an invariant submanifold of
M˜ .
The non-existence of warped product pointwise semi-slant submanifolds of
the form Mθ ×f MT of Kaehler and Sasakian manifolds is proved in [26] and
[23]. On the other hand, there exist a non-trivial warped product pointwise
semi-slant submanifolds of the form MT ×Mθ of Kaehler manifolds [26] and
contact metric manifolds [23].
Note that a warped product pointwise semi-slant submanifoldM =MT ×f
Mθ is a warped product contact CR-submanifold if the slant function θ =
π
2 .
Similarly, the warped product pointwise semi-slant submanifold M = MT ×f
Mθ is a warped product semi-slant submanifold if θ is constant on M , i.e., Mθ
is a proper slant submanifold.
In this section, we study the warped product pointwise semi-slant subman-
ifold of the form M = MT ×f Mθ of a Sasakian manifold M˜ . To fill the gape
in the earlier study, we obtain some results as a generalization.
On a warped product pointwise semi-slant submanifold M = MT ×f Mθ,
if we consider the structure vector field ξ is tangent to M , then either ξ ∈
Γ (TMT ) or ξ ∈ Γ (TMθ). When ξ is tangent toMθ, then it is easy to check that
warped product is trivial (see [27]), therefore we always consider ξ ∈ Γ (TMT ).
First, we provide a non-trivial example of such submanifolds.
Example 2 Consider the Euclidean 9-space R9 with its cartesian coordinates
(x1, · · · , x4, y1, · · · , y4, t) and the almost contact structure
ϕ
(
∂
∂xi
)
= − ∂
∂yi
, ϕ
(
∂
∂yj
)
=
∂
∂xj
, ϕ
(
∂
∂t
)
= 0, 1 ≤ i, j ≤ 4.
Let M be a submanifold of R9 defined by the immersion ψ as follows:
ψ(u, v, w, s, t) = (u+ v,
1
2
w2, s cosw, s sinw, −u+ v, 1
2
s2, −w sin s, w cos s , t)
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for any non-zero functions w and s. The tangent space of M is spanned by the
following vectors
X1 =
∂
∂x1
− ∂
∂y1
, X2 =
∂
∂x1
+
∂
∂y1
,
X3 = w
∂
∂x2
− s sinw ∂
∂x3
+ s cosw
∂
∂x4
− sin s ∂
∂y3
+ cos v
∂
∂y4
,
X4 = cosw
∂
∂x3
+ sinw
∂
∂x4
+ s
∂
∂y2
− w cos s ∂
∂y3
− w sin s ∂
∂y4
, X5 =
∂
∂t
.
Clearly, we have
ϕX1 = − ∂
∂y1
− ∂
∂x1
, ϕX2 = − ∂
∂y1
+
∂
∂x1
,
ϕX3 = −w ∂
∂y2
+ s sinw
∂
∂y3
− s cosw ∂
∂y4
− sin s ∂
∂x3
+ cos v
∂
∂x4
,
ϕX4 = − cosw ∂
∂y3
− sinw ∂
∂y4
+ s
∂
∂x2
− w cos s ∂
∂x3
− w sin s ∂
∂x4
, ϕX5 = 0.
Then, M is a pointwise semi-slant submanifold such that the structure vector
field ξ = ∂
∂t
is tangent to M and D = Span{X1,X2} is an invariant distri-
bution and Dθ = Span{X3,X4} is a pointwise slant distribution with slant
function θ = cos−1
(
(1−ws) sin(w−s)−ws
1+w2+s2
)
. It is easy to observe that both the
distributions are integrable. If we denote the integral manifolds of D and Dθ
by MT and Mθ, respectively then the metric tensor of M is given by
dψ2 = 2
(
du2 + dv2
)
+ dt2 +
(
1 + w2 + s2
) (
dw2 + ds2
)
.
Hence, M =MT ×fMθ is a warped product pointwise semi-slant submanifold
of R9 with warping function f =
√
1 + w2 + s2.
Now, we prove the following useful results.
Lemma 2 Let M = MT ×f Mθ be a warped product pointwise semi-slant
submanifold of a Sasakian manifold M˜ such that ξ ∈ Γ (TMT ), where MT is
an invariant submanifold and Mθ is a proper pointwise slant submanifold of
M˜ . Then, we have
g(h(X,W ), FPZ)− g(h(X,PZ), FW ) = sin 2θX(θ) g(Z,W ), (16)
for any X ∈ Γ (TMT ) and Z,W ∈ Γ (TMθ).
Proof For any X ∈ Γ (TMT ) and Z,W ∈ Γ (TMθ), we have
g(∇˜XZ,W ) = X(ln f) g(Z,W ). (17)
On the other hand, we can obtain
g(∇˜XZ,W ) = g(ϕ∇˜XZ,ϕW ).
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Using the covariant derivative formula of ϕ, we get
g(∇˜XZ,W ) = g(∇˜XϕZ,ϕW )− g((∇˜Xϕ)Z,ϕW ).
The second term in the right hand side of above relation is identically zero by
using (3) and the orthogonality of vector fields. Then, from (5), (8), (15) and
the orthogonality of vector fields, we find
g(∇˜XZ,W ) = g(∇˜XPZ, PW ) + g(∇˜XPZ, FW ) + g(∇˜XFZ, ϕW )
= X(ln f) g(PZ, PW ) + g(h(X,PZ), FW )− g(ϕ∇˜XFZ,W )
= cos2 θX(ln f) g(Z,W ) + g(h(X,PZ), FW )− g(∇˜XϕFZ,W )
+ g((∇˜Xϕ)FZ,W ).
Again, the last relation in the above equation is zero by using (3) and the
orthogonality of vector fields. Then, from (9) and (14), we derive
g(∇˜XZ,W ) = cos2 θX(ln f) g(Z,W ) + g(h(X,PZ), FW ) + sin2 θ g(∇˜XZ,W )
+ sin 2θX(θ) g(Z,W ) + g(∇˜ZFPX, Y ). (18)
Hence, the result follows from (17) and (18) by using (6)-(7) and (15).
Lemma 3 Let M = MT ×f Mθ be a warped product pointwise semi-slant
submanifold of a Sasakian manifold M˜ such that ξ ∈ Γ (TMT ), where MT and
Mθ are invariant and pointwise slant submanifolds of M˜ , respectively. Then
(i) g(PZ,W ) = −ξ(ln f) g(Z,W )
(ii) g(h(X,Y ), FZ) = 0
(iii) g(h(X,Z), FW ) = X(ln f) g(PZ,W )− ϕX(ln f) g(Z,W )− η(X) g(Z,W )
for any X,Y ∈ Γ (TMT ) and Z,W ∈ Γ (TMθ).
Proof From (4), (5) and (8), we have
∇Zξ = −PZ
for any Z ∈ Γ (TMθ). Using (15) and taking the inner product with W ∈
Γ (TMθ), we get (i). For the other parts of the lemma, consider any X,Y ∈
Γ (TMT ) and Z ∈ Γ (TMθ), we have
g(h(X,Y ), FZ) = g(∇˜XY, FZ) = g(∇˜XY, ϕZ)− g(∇˜XY, PZ).
From (2) and (15), we get
g(h(X,Y ), FZ) = −g(ϕ∇˜XY, Z) +X(ln f) g(Y, PZ).
By covariant derivative formula of ϕ and the orthogonality of vector fields, we
find
g(h(X,Y ), FZ) = g((∇˜Xϕ)Y, Z)− g(∇˜XϕY,Z).
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Using (3) and the fact that ξ ∈ Γ (TMT ), the first term in the right hand
side of above equation vanishes identically and then by using (15) and the
orthogonality of vector fields, we find (ii). Now, for any X ∈ Γ (TMT ) and
Z,W ∈ Γ (TMθ), we have
g(h(X,Z), FW ) = g(∇˜ZX,FW ) = g(∇˜XZ,ϕW )− g(∇˜XZ, PW ).
Again, using the covariant derivative formula of the Riemannain connection
and (15), we get
g(h(X,Z), FW ) = g((∇˜Zϕ)X,W )− g(∇˜ZϕX,W )−X(ln f) g(Z, PW ).
Then from (3), (5) and (15), we derive
g(h(X,Z), FW ) = −η(X) g(Z,W )− ϕX(ln f) g(Z,W )−X(ln f) g(Z, PW ),
which is third part of the lemma. Hence, the proof is complete.
Lemma 4 Let M = MT ×f Mθ be a warped product pointwise semi-slant
submanifold of a Sasakian manifold M˜ such that ξ ∈ Γ (TMT ), where MT is
an invariant submanifold and Mθ is a pointwise slant submanifold of M˜ . Then
g(h(ϕX,Z), FW ) = X(ln f) g(Z,W )− η(X) g(Z, PW )
− ϕX(ln f) g(Z, PW ), (19)
for any X ∈ Γ (TMT ) and Z,W ∈ Γ (TMθ).
Proof Interchanging X by ϕX , for any X ∈ Γ (TMT ) in Lemma 3 (iii) and
using first part of Lemma 3, we get the required result.
We note that the similar relation like (19) in terms of ξ(ln f) is obtained
in (see Equation (9.10), Lemma 9.4 of [23]).
Lemma 5 Let M = MT ×f Mθ be a warped product pointwise semi-slant
submanifold of a Sasakian manifold M˜ such that ξ ∈ Γ (TMT ), where MT and
Mθ are invariant and pointwise slant submanifolds of M˜ , respectively. Then,
we have
g(h(X,PZ), FW ) = ϕX(ln f) g(Z, PW )− η(X) g(PZ,W )
− cos2 θX(ln f) g(Z,W ) (20)
for any X ∈ Γ (TMT ) and Z,W ∈ Γ (TMθ).
Proof Interchange Z by PZ, for any Z ∈ Γ (TMθ) in Lemma 3 (iii) and after
use of (12), we get (20).
Similarly, if we interchange W by PW , for any W ∈ Γ (TMθ) in Lemma 3
(iii), then we can obtain the following result.
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Lemma 6 [23] Let M =MT ×f Mθ be a warped product pointwise semi-slant
submanifold of a Sasakian manifold M˜ such that ξ ∈ Γ (TMT ), where MT and
Mθ are invariant and pointwise slant submanifolds of M˜ , respectively. Then
g(h(X,Z), FPW ) = cos2 θX(ln f) g(Z,W )− ϕX(ln f) g(Z, PW )
− η(X) g(Z, PW ), (21)
for any X ∈ Γ (TMT ) and Z,W ∈ Γ (TMθ).
Lemma 7 Let M = MT ×f Mθ be a warped product pointwise semi-slant
submanifold of a Sasakian manifold M˜ such that ξ ∈ Γ (TMT ), where MT and
Mθ are invariant and proper pointwise slant submanifolds of M˜ , respectively.
Then, we have
g(AFWϕX,Z)− g(AFPWX,Z) = sin2 θX(ln f) g(Z,W ), (22)
for any X ∈ Γ (TMT ) and Z,W ∈ Γ (TMθ).
Proof Subtracting (21) from (19), we get (22).
A warped product submanifold M =M1×f M2 of a Sasakian manifold M˜
is said to be mixed totally geodesic if h(X,Z) = 0, for any X ∈ Γ (TM1) and
Z ∈ Γ (TM2), where M1 and M2 are any Riemannian submanifolds of M˜ .
From Lemma 7, we obtain the following result.
Theorem 2 Let M = MT ×f Mθ be a warped product pointwise semi-slant
submanifold of a Sasakian manifold M˜ . If M is mixed totally geodesic, then
either M is warped product of invariant submanifolds or the warping function
f is constant on M .
Proof From (22) and the mixed totally geodesic condition, we have
sin2 θX(ln f) g(Z,W ) = 0.
Since g is a Riemannian metric, then either sin2 θ = 0 or X(ln f) = 0. There-
fore, either M is warped product of invariant submanifolds or f is constant
on M , thus the proof is complete.
Lemma 8 Let M = MT ×f Mθ be a warped product pointwise semi-slant
submanifold of a Sasakian manifold M˜ such that ξ ∈ Γ (TMT ), where MT and
Mθ are invariant and pointwise slant submanifolds of M˜ , respectively. Then,
we have
g(AFPZW,X)− g(AFWPZ,X) = 2 cos2 θ X(ln f) g(Z,W ) (23)
for any X ∈ Γ (TMT ) and Z,W ∈ Γ (TMθ).
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Proof Interchanging Z and W in (21) and using (10), we get
g(h(X,W ), FPZ) = cos2 θX(ln f) g(Z,W ) + ϕX(ln f) g(Z, PW )
+ η(X) g(Z, PW ) (24)
for any X ∈ Γ (TMT ) and Z,W ∈ Γ (TMθ). Subtracting (20) from (24), we
find (23).
Also, with the help of Lemma 8, we find the following result.
Theorem 3 Let M = MT ×f Mθ be a warped product pointwise semi-slant
submanifold of a Sasakian manifold M˜ . If M is mixed totally geodesic, then
either M is a contact CR-warped product of the form MT×fM⊥ or the warping
function f is constant on M .
Proof From (23) and the mixed totally geodesic condition, we have
cos2 θX(ln f) g(Z,W ) = 0.
Since g is a Riemannian metric, then either cos2 θ = 0 or X(ln f) = 0. There-
fore, either M is a contact CR-warped product or f is constant on M , which
ends the proof.
From Theorem 2 and Theorem 3, we conclude that:
Corollary 1 There does not exist any mixed totally geodesic proper warped
product pointwise semi-slant submanifold M =MT ×fMθ of a Sasakian man-
ifold.
Also, from Lemma 2 and Lemma 8, we have the following result.
Theorem 4 Let M = MT ×f Mθ be a warped product pointwise semi-slant
submanifold of a Sasakian manifold M˜ such that ξ ∈ Γ (TMT ), where MT
is an invariant submanifold and Mθ is a pointwise slant submanifold of M˜ .
Then, either M is a contact CR-warped product of the form M =MT ×f M⊥
or ∇(ln f) = tan θ∇θ, for any X ∈ Γ (TMT ), where ∇f is the gradient of f .
Proof From Lemma 2 and Lemma 8, we have
cos2 θ{X(ln f)− tan θX(θ)} g(Z,W ) = 0.
Since g is a Riemannian metric, therefore we conclude that either cos2 θ = 0 or
X(ln f)− tan θX(θ) = 0. Consequently, either θ = π2 or X(ln f) = tan θX(θ),
which proves the theorem completely.
As an application of Theorem 4, we have the following consequence.
Remark 1 If we consider that the slant function θ is constant, i.e., Mθ is a
proper slant submanifold in Theorem 4, then Z(ln f) = 0, i.e., there are no
warped product semi-slant submanifolds of the form MT ×f Mθ in Sasakian
manifolds. Hence, Theorem 3.3 of [1] is a special case of Theorem 4.
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In order to give a characterization result for pointwise semi-slant sub-
manifolds of a Sasakian manifold, we need the following well-known result of
Hiepko [18].
Hiepko’s Theorem. Let D1 and D2 be two orthogonal distribution on a
Riemannian manifold M . Suppose that both D1 and D2 are involutive such
that D1 is a totally geodesic foliation and D2 is a spherical foliation. Then M
is locally isometric to a non-trivial warped product M1×f M2, where M1 and
M2 are integral manifolds of D1 and D2, respectively.
Theorem 5 Let M be a pointwise semi-slant submanifold of a Sasakian man-
ifold M˜ . Then M is locally a non-trivial warped product submanifold of the
form MT ×f Mθ, where MT is an invariant submanifold and Mθ is a proper
pointwise slant submanifold of M˜ if and only if
AFWϕX −AFPWX = sin2 θX(µ)W, ∀X ∈ Γ (D ⊕ 〈ξ〉), W ∈ Γ (Dθ), (25)
for some smooth function µ on M satisfying Z(µ) = 0, for any Z ∈ Γ (Dθ).
Proof Let M = MT ×f Mθ be a warped product pointwise semi-slant sub-
manifold of a Sasakian manifold M˜ . Then for any X ∈ Γ (TMT ) and Z,W ∈
Γ (TMθ), from Lemma 3 (ii) we have
g(AFWX,Y ) = 0. (26)
Interchanging X by ϕX in (26), we get g(AFWϕX, Y ) = 0, which means that
AFWϕX has no component in TMT . Similarly, if we interchangeW by PW in
(26) then, we get g(AFPWX,Y ) = 0, i.e., AFPWX also has no component in
TMT . Therefore, AFWϕX−AFPWX lies in TMθ, using this fact with Lemma
7, we find (25).
Conversely, ifM is a pointwise semi-slant submanifold such that (25) holds,
then from Lemma 1 (i), we have
g(∇XY,W ) = csc2 θ g(AFWϕY −AFPWY,X),
for any X,Y ∈ Γ (D ⊕ 〈ξ〉) and W ∈ Γ (Dθ). From (25), we arrive at
g(∇XY,W ) = Y (µ)g(X,W ) = 0,
which means that the leaves of the distribution D⊕ 〈ξ〉 are totally geodesic in
M . Also, from Lemma 1 (ii), we have
g(∇ZW,X) = csc2 θ g(AFPWX −AFWϕX,Z), (27)
for any Z,W ∈ Γ (Dθ) and X ∈ Γ (D ⊕ 〈ξ〉). By polarization, we derive
g(∇WZ,X) = csc2 θ g(AFPZX −AFZϕX,W ). (28)
Subtracting (28) from (27), we get
sin2 θ g([Z,W ], X) = g(AFZϕX −AFPZX,W )− g(AFWϕX −AFPWX,Z).
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Using (25), we get
sin2 θ g([Z,W ], X) = X(µ) g(Z,W )−X(µ) g(W,Z) = 0.
Since M is proper pointwise semi-slant, then sin2 θ 6= 0, thus we conclude that
the pointwise slant distribution Dθ is integrable. Let us consider Mθ be a leaf
of Dθ and hθ is the second fundamental form of Mθ in M . Then from (28), we
have
g(hθ(Z,W ), X) = g(∇ZW,X) = − csc2 θ g(AFWϕX −AFPWX,Z)
Using (25), we find that
g(hθ(Z,W ), X) = −X(µ) g(Z,W ).
Then from the definition of the gradient of a function, we arrive at
hθ(Z,W ) = −(∇µ) g(Z,W ).
Hence, Mθ is a totally umbilical submanifold of M with the mean curvature
vectorHθ = −∇µ, where∇µ is the gradient of the function µ. Since Z(µ) = 0,
for any Z ∈ Γ (Dθ), then we can show that Hθ = −∇µ is parallel with respect
to the normal connection, say Dn of Mθ in M (see [25,26], [28]). Thus, Mθ
is a totally umbilical submanifold of M with a non vanishing parallel mean
curvature vector Hθ = −∇µ, i.e., Mθ is an extrinsic sphere in M . Then from
Heipko’s Theorem [18], we conclude that M is a warped product manifold of
MT and Mθ, where MT and Mθ are integral manifolds of D ⊕ 〈ξ〉 and Dθ,
respectively. Thus, the proof is complete.
As an application of Theorem 5, if we consider θ = π2 in Theorem 5, then by
interchanging X by ϕX in (25), we get the condition (74) of Theorem 3.2 in
[21], thus the Theorem 5 is true for contact CR-warped product submanifolds
of the form MT ×f M⊥. Hence, Theorem 3.2 of [21] is an special case of
Theorem 5 as follows:
Corollary 2 (Theorem 3.2 of [21]) A strictly proper CR-submanifold M of a
Sasakian manifold M˜ , and tangent to the structure vector field ξ is locally a
contact CR-warped product if and only if
AϕZX = (η(X)− ϕX(µ))Z, X ∈ Γ (D ⊕ 〈ξ〉), Z ∈ Γ (D⊥), (29)
for some function µ on M satisfying Wµ = 0 for all W ∈ Γ (D⊥).
Warped Product Pointwise Semi-slant Submanifolds of Sasakian Manifolds 17
References
1. F.R. Al-Solamy and V.A. Khan, Warped product semi-slant submanifolds of a Sasakian
manifold, Serdica Math. J. 34 (2008), 597-606.
2. F.R. Al-Solamy, V.A. Khan and S. Uddin, Geometry of warped product semi-slant sub-
manifolds of nearly Kaehler manifolds, Results Math. 71 (2017), 783-799.
3. R.L. Bishop and B. O’Neill, Manifolds of negative curvature, Trans. Amer. Math. Soc.
145 (1969), 1-49.
4. D.E. Blair, Contact Manifolds in Riemannian Geometry, Lecture Notes in Mathematics,
Vol. 509. Springer-Verlag, New York, 1976.
5. J.L. Cabrerizo, A. Carriazo, L.M. Fernandez and M. Fernandez, Semi-slant submanifolds
of a Sasakian manifold, Geom. Dedicata 78 (1999), 183-199.
6. J.L. Cabrerizo, A. Carriazo, L.M. Fernandez and M. Fernandez, Slant submanifolds in
Sasakian manifolds, Glasgow Math. J. 42 (2000), 125-138.
7. B.-Y. Chen, Slant immersions, Bull. Austral. Math. Soc. 41 (1990), 135-147.
8. B.-Y. Chen, Geometry of Slant Submanifolds, Katholieke Universiteit Leuven, 1990.
9. B.-Y. Chen, Geometry of warped product CR-submanifolds in Kaehler manifolds,
Monatsh. Math. 133 (2001), 177–195.
10. B.-Y. Chen, Geometry of warped product CR-submanifolds in Kaehler manifolds II,
Monatsh. Math. 134 (2001), 103–119.
11. B.-Y. Chen, Pseudo-Riemannian Geometry, δ-invariants and Applications, World Sci-
entific, Hackensack, NJ, 2011.
12. B.-Y. Chen, Geometry of warped product submanifolds: a survey, J. Adv. Math. Stud.
6 (2013), no. 2, 1–43.
13. B.-Y. Chen, Differential Geometry of Warped Product Manifolds and Submanifolds,
World Scientific, Hackensack, NJ, 2017.
14. B.-Y. Chen and O. Garay, Pointwise slant submanifolds in almost Hermitian manifolds,
Turk. J. Math. 36 (2012), 630–640.
15. B.-Y. Chen and S. Uddin, Warped product pointwise bi-slant submanifolds of Kaehler
manifolds, Publ. Math. Debrecen 92 (1) (2018), 1-16.
16. F. Etayo, On quasi-slant submanifolds of an almost Hermitian manifold, Publ. Math.
Debrecen 53 (1998), 217–223.
17. I. Hasegawa and I. Mihai, Contact CR-warped product submanifolds in Sasakian man-
ifolds, Geom. Dedicata 102 (2003), 143-150.
18. S. Hiepko, Eine inner kennzeichungder verzerrten produkte, Math. Ann. 241 (1979),
209-215.
19. K.A. Khan, V.A. Khan and S. Uddin, Warped product submanifolds of cosymplectic
manifolds, Balkan J. Geom. Appl., 13 (2008), 55–65.
20. A. Lotta, Slant submanifolds in contact geometry, Bull. Math. Soc. Roumanie 39 (1996),
183-198.
21. M.I. Munteanu, Warped product contact CR-submanifolds of Sasakian space forms,
Publ. Math. Debrecen 66 (2005), 75-120.
22. N. Papaghiuc, Semi-slant submanifolds of Kaehlerian manifold, Ann. St. Univ. Iasi 9
(1994), 55-61.
23. K.S. Park, Pointwise slant and pointwise semi-slant submanifolds in almost contact
metric manifolds, arXiv:1410.5587v2 [math.DG].
24. B. Sahin, Non existence of warped product semi-slant submanifolds of Kaehler mani-
folds, Geometriae Dedicata. 117 (2006), 195–202.
25. B. Sahin, Warped product submanifolds of Kaehler manifolds with a slant factor, Ann.
Pol. Math. 95 (2009), 207-226.
26. B. Sahin,Warped product pointwise semi-slant submanifolds of Kaehler manifolds, Port.
Math. 70 (2013), 252-268.
27. S. Uddin, V.A. Khan and H.H. Khan, Some results on warped product subman-
ifolds of a Sasakian manifold, Int. J. Math. Math. Sci. (2010), Article ID 743074
(doi:10.1155/2010/743074).
28. S. Uddin and F.R. Al-Solamy,Warped product pseudo-slant submanifolds of cosymplec-
tic manifolds, An. S¸tiint¸. Univ. Al. I. Cuza Ias¸i Mat (N.S.) Tome LXIII (2016), f2 vol. 3,
901-913.
18 Ion Mihai, Siraj Uddin
29. S. Uddin and F.R. Al-Solamy, Warped product pseudo-slant immersions in Sasakian
manifolds, Publ. Math. Debrecen 91 (3-4) (2017), 331–348.
30. S. Uddin, B.-Y. Chen and F.R. Al-Solamy, Warped product bi-slant immersions in
Kaehler manifolds, Mediterr. J. Math., 14 : 95 (2017), doi:10.1007/s00009-017-0896-8.
31. S. Uddin , A.H. Alkhaldi Pointwise slant submanifolds and their warped products in
Sasakian manifolds, Filomat 32 (12) (2018), 1-12.
32. K. Yano and M. Kon, Structures on Manifolds, Series in Pure Mathematics, World
Scientific Publishing Co., Singapore, 1984.
